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A specific computational program SAFEM was developed based on semi-analytical finite
element (FE) method for analysis of asphalt pavement structural responses under static
loads. The reliability and efficiency of this FE program was proved by comparison with the
general commercial FE software ABAQUS. In order to further reduce the computational
time without decrease of the accuracy, the infinite element was added to this program. The
results of the finite-infinite element coupling analysis were compared with those of finite
element analysis derived from the verified FE program. The study shows that finite-infinite
element coupling analysis has higher reliability and efficiency.
© 2015 Periodical Offices of Chang'an University. Production and hosting by Elsevier B.V. on
behalf of Owner. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
In the past decades, the finite element (FE) method has been
developed rapidly and was increasingly used in many indus-
trial fields as well as in the routine pavement design process.
But there are several limitations in the conventional FE
packages, such as the complexity of the program and hence
the time-consuming user training process or over-
simplifications of the modeling (Liu et al., 2014a). Therefore, it
is necessary to find means that both improve the computa-
tional speed without increasing the resource requirement and
keep the computational accuracy. One specified program
SAFEM was developed based on the semi-analytical FE
method to meet these requirements.9; fax: þ49 241 80 22141.
(P. Liu).
ical Offices of Chang'an
'an University. Production
se (http://creativecommoFor a typical pavement structure problem as shown in
Fig. 1, the geometry and material properties usually do not
vary in the z-direction, but the boundary conditions, e.g. the
load terms, exhibit a significant variation in that direction.
Due to this characteristic, the pavement structure problem
could not be simplified as a 2D plane strain case. An alterna-
tive method is to simplify the pavement structure as a 2D
axisymmetric case, and the response under multiple loads
can be obtained using superposition principle. However, the
models based on the axisymmetric formulation cannot real-
istically model unidirectional loads, cracks or discontinuities
within a pavement system and the ability to realistically
model non-uniform contact pressures is also limited (Fritz,
2002). Zienkiewicz and Taylor (2005) proposed one method
that assuming the displacements in the geometrical z-University.
and hosting by Elsevier B.V. on behalf of Owner. This is an open
ns.org/licenses/by-nc-nd/4.0/).
Fig. 1 e Pavement structure geometry and load mode (Liu
et al., 2014a).
Fig. 2 e Schematic representation of a SAFEM situation (Liu
et al., 2014a).
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exploiting its orthogonal properties, the problem of such a
class can thus be simplified into a series of 2D solutions. This
method is so called the semi-analytical FE method which has
potential for overcoming the difficulties mentioned above.
The pavement length along the traffic direction and the
thickness of sub-grade can be considered infinity. In order to
minimize the influence of these boundaries, the FE-mesh
must be sufficiently big in horizontal and vertical directions.
This, however, means that a relatively large number of FE-
elements are required to appropriately discretize the mesh.
One of the methods that can keep the number of FE-elements
reasonably low is the application of infinite elements at the
infinite boundaries of the system in the FE method (Li et al.,
2007b). This concept of the infinite element was firstly pro-
posed by Ungless (1973), and then modified and further
developed by many other researchers such as Beer and Meer
(1981), Bettess (1977, 1980), Bettess and Zienkiewicz (1977),
Zienkiewicz et al. (1983) and applied to a variety of problems
(Hjelmstad et al., 1997; Li et al., 2007a; Wang and Brill, 2013).
Currently, the infinite elements have been developed from
one-dimensional (1D), unidirectional to 3D and multidirec-
tional approaches. The concept of infinite elements can be
generally divided into two categories: the mapping infinite
element and decaying infinite element (Sallah and Buchanan,
1990). The features of the infinite elements can be concluded
as follows (Jiang et al., 2009; Zhu and Bian, 2001):
 The mapping from finite field in the natural coordinate to
infinite field in the global coordinate, e.g. when the natural
coordinate x approaches 1 the corresponding global coor-
dinate will trend towards infinity to fulfill the requirement
that the computational field trends towards infinity.
 The decay of the displacement in the infinite field, e.g.,
when x approaches 1, the displacement tends towards 0 to
fulfill the requirement of the boundary condition that the
displacement at the infinity is 0.
In the following sections, the mathematical basis of the
SAFEMandthe2Dmapping infinite elementwill bepresentedat
first, followedbyaverificationof theSAFEMbycomparisonwith
ABAQUS as well as a verification of the finite-infinite element
coupling analysis in the SAFEM program. Finally, a brief sum-
mary and conclusions are provided at the end of this paper.2. Description of semi-analytical finite
element method
The first step in the FE formulation of SAFEM is to express the
element coordinates and element displacements in the form
of interpolation functions using the natural coordinate system
of the element.
By using the SAFEM, the general form of the shape func-
tions can be written as a Fourier series in which z ranges be-
tween 0 and a (Fritz, 2002; Hu et al., 2008; Liu et al., 2013, 2014a,
2014b; Zienkiewicz and Taylor, 2005), as shown in Fig. 2.
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where l identifies the term of the Fourier series, L is the total
number of Fourier terms considered, Nk and Nk are the shape
functions of the element at node k.
The loading function defining the variation of load along
the z-direction is given by Zienkiewicz and Taylor (2005).
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where pðx; yÞ and pðx; yÞ represent the pavement load.
The pavement is assumed to be supported on both side
faces (z ¼ 0 and z ¼ a) in a manner preventing all displace-
ments in the xy plane but permitting “unrestricted” motion in
the z-direction. The Fourier series expansion shouldmeet this
requirement of the boundary condition. The displacement
functions with three components u, v andw can be written as
follow
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l
k and w
l
k are the displacements of the node at the
Fourier term k in x-, y- and z-directions, respectively.
Similarly, the loading function for the pavement analysis
can be formulated as follows (Fritz, 2002)
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where Pt is the tire load pressure, Zt1 is the z coordinate where
the tire load area starts, Zt2 is the z coordinate where the tire
load area ends.
By using the principle of minimum potential energy, a
typical sub-matrix of the element stiffnessmatrix (Klm)e is (Hu
et al., 2008)

Klm
	e ¼ ∭ volBl	TDBmdxdydz (6)
One detail worth to be mentioned is the decomposition of
the strain-displacement matrix Blk as follow
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The Blk in Eq. (7) is splitted into two matrices of which each
only includes one type of trigonometric terms.
From Eqs. (6) and (7), the stiffness matrix of one element
includes (Zienkiewicz and Taylor, 2005)
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The integrals exhibit orthogonal properties which ensure
that
I2 ¼ I3 ¼
8<
:
1
2
a for l ¼ m
0 for lsm
(9)
Only when l and m are both odd or even numbers, the first
integral I1 is zero. But due to the special structure of the B
l
matrix, all terms that include I1 vanish (becoming 0). This
means that the matrix (Klm)e becomes a diagonal one. In other
words, the non-zero values are only located in the diagonal
area where l ¼m. Thus, the stiffness matrix can be reduced to
(Zienkiewicz and Taylor, 2005)
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where g and k represent the nodes of the element, respec-
tively, area is the area of the element.
A typical term for the force vector becomes

Fl
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The final assembled equations have the following form
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Eq. (12) shows that the large system of equations splits up
into L separate problems.
KllUl þ Fl ¼ 0 (13)
According to Eq. (13), the Fourier expansion of the loading
factors involves only one term for a particular harmonic, so
only one set of simultaneous equations needs to be solved.
This solution is just like a 2D plane problem. The sub-
displacement vector calculated from each term of Fourier
series only needs to be assembled to a global vector.3. Description of 2D mapping infinite
element method
Due to the 2D mesh of the finite elements used in the SAFEM,
only 2D mapping infinite elements which were applied in this
program are introduced in this section. The 2D mapping
infinite elements can be divided into two types which are
unidirectional and bidirectional ones.3.1. Formulation of 2D mapping infinite elements
Fig. 3(a) shows the 2D unidirectional infinite element which
extends to infinity in y-direction. The nodes 1, 2 and 3 are at
the interface which can be coupled with finite elements and
the nodes 4 and 5 are in the middle of the infinite element.
Fig. 3(b) shows the bidirectional infinite element, in which the
node 1 can be coupled with a finite element and nodes 2 and 3
are in the “middle” of the infinite element. Through mapping
the infinite reference element is transferred from the global
coordinate to a parent element in a finite region, i.e. the
element in natural coordinate with 1  x  1 and1  h  1.
The transformation equations, or the mapping infinite
element, between the global and natural coordinates are
(Zhao, 2012; Zhou et al., 2004)
x ¼
Xn
i¼1
Mixi;
y ¼
Xn
i¼1
Miyi

n ¼ 5 for unidirectional infinite element
n ¼ 3 for bidirectional infinite element
(14)
where the node-wisemapping functions
P
Mi¼ 1, as shown in
Table 1.
Fig. 3 e 2D mapping infinite elements.
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be expressed as follows (Zhao, 2012; Zhou et al., 2004)
u ¼
Xn
i¼1
Niui;
v ¼
Xn
i¼1
Nivi

n ¼ 5 for unidirectional infinite element
n ¼ 3 for bidirectional infinite element
(15)
where shape function Ni can be seen in Table 1.
If only the finite elements are used, the calculation of
stiffness matrix only involves the shape function. When the
infinite elements are applied, the calculation of their
displacement still uses the shape function, while the coordi-
nate transformation of the infinite elements must use the
mapping function.Table 1 e Formula of mapping and shape function for the 2D m
Infinite element type Mapping funct
Unidirectional M1 ¼ (1  x)(1  x  h)/1
M2 ¼ 2(1  x2)/1  h
M3 ¼ (1 þ x)(1 þ x  h)/1
M4 ¼ (1 þ x)(1 þ h)/2(1 
M5 ¼ (1  x)(1 þ h)/2(1 
Bidirectional M1 ¼ xh þ 3(1  x  h)/(
M2 ¼ 2(1 þ x)/(1  x)(1 
M3 ¼ 2(1 þ h)/(1  x)(1 3.2. Finite-infinite element coupling method
When analyzing a problem with an infinite domain, the
infinite elements can be combined with the finite element
method, i.e. the near field is analyzed by finite elements and
the far field is simulated by infinite elements. As a result, the
problem with continuous infinite degrees of freedom can be
converted into one with discretized finite degrees of freedom.
The unknown displacement at any node in the computational
domain can be computed from the equilibrium equations,
which are derived from the equilibrium conditions and the
consistency of displacements at the interface between finite
and infinite elements. The general procedure of the finite-
infinite element coupling method is illustrated as follows
(Zhao, 2012).
 The equations are built up in the near and far field,
respectively.

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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;

F1
	 ¼ 0
L2

C2

;

F2
	 ¼ 0 (16)where {C} is unknown variable, {F} is the interaction force at
the interface, 1 and 2 represent the finite element and infinite
element fields, respectively.
 Derivation of the displacement expression at the interface
 fU1g ¼ f1C1;F1	
fU2g ¼ f2

C2

;

F2
	 (17) Establishment of the continuous equations at the interface

fU1g ¼ fU2g
fF1g þ fF2g ¼ f0g (18)The three equations are combined and solved to derive the
{C1} and {C2}. And then the {U1}, {U2} and other variables such as
the strain and stress can be calculated.
In order to simulate the infinite domain of the asphalt
pavement, the infinite element was added to SAFEM first. The
theoretical derivations and computational procedures of the
stiffness matrix in finite element method and finite-infinite
element coupling method are relatively similar, which is
convenient for the application of the infinite elements. The
global stiffness of the nodes at the interface can be calculated
as the sum of the nodal stiffness of the finite and infinite
element (Jiang et al., 2009).apping infinite element.
ion Shape function
 h N1 ¼ 1/4(1  x)(1  h)(1  x  h)
N2 ¼ ½(1  x2)(1  h)
 h N3 ¼ 1/4(1 þ x)(1  h)(1 þ x  h)
h) N4 ¼ ½(1 þ x)(1  h2)
h) N5 ¼ ½(1  x)(1  h2)
1  x)(1  h) N1 ¼ 1/4(1  x)(1  h)(1  x h)
h) N2 ¼ ½(1  x2)(1h)
h) N3 ¼ ½(1  x)(1  h2)
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where kij is the nodal stiffness in the global stiffnessmatrix, k1ij
and k2ij are the stiffness of node in the finite and infinite ele-
ments, respectively, i and j are the address indicators of the
node.Fig. 4 e Structure of the pavement.4. Verification of SAFEM by comparison with
ABAQUS
The accuracy of the SAFEM only with finite elements was
verified by comparison with the results derived from the
general commercial FE-program ABAQUS (ABAQUS, 2011).
The parameters and boundary conditions in the modeling of
these two programs were selected as consistent as possible to
ensure a high comparability of the models.
4.1. Definition of the models
The responses from both models were evaluated using the
pavement type in Table 2, which is widely used in Germany
according to the guidelines RStO 01 (FGSV, 2002) and RDO
Asphalt 09 (FGSV, 2009). The thicknesses of all layers
excepting the sub-grade were derived from RStO 01 (FGSV,
2002). The thickness of the sub-grade was defined as
2000 mm. Setting such a large value was aimed to minimize
the influence of the boundary condition on the results. Be-
sides, the length and width of all layers were set to 6000 mm
for the same reason. The pavement surface temperatures of
12.5 C (winter) and 27.5 C (summer) were assumed, and
then the associated material properties in the superstructure
were determined according to RDO Asphalt 09 (FGSV, 2009), as
listed in Fig. 4 and Table 2.
The mesh generator of SAFEM was used to create a 2D
mesh in the xy plane consisting of 6-node triangular elements,
as shown in Fig. 5(a). While the model in ABAQUS was three-
dimensional, so the type of 3D 10-node quadratic tetrahedron
element was applied in order to make the mesh geometry as
close as possible to that in SAFEM. The mesh in ABAQUS is
illustrated in Fig. 5(b). Due to the different dimensions of both
models, the mesh algorithms are different, but the element
size increases gradually from the loading area in bothmodels.Table 2 e Geometrical data and material properties of the
pavement.
Layer m Winter Summer
E (MPa) E (MPa)
Surface course 0.35 22,690 2902
Binder course 0.35 27,283 6817
Asphalt base curse 0.35 17,853 4903
Road base course 0.25 10,000 10,000
Sub-base 0.50 100 100
Sub-grade 0.50 45 45The number of elements in SAFEM and ABAQUS are 2272 and
49,671, respectively.
According to RDOAsphalt 09 (FGSV, 2009), the load adopted
in SAFEM and ABAQUSwas 49 kN circular loadwith the radius
of 150 mm, so the uniformly distributed contact stress was
0.7 MPa. The loading area was located at the center of the
pavement illustrated in Fig. 2.
The bottom nodes of the mesh representing the sub-grade
in both models were fixed in all directions. According to the
theory of SAFEM, the displacements on both edges (z ¼ 0 and
z ¼ a) are restricted to zero in the x- and y-directions. The
same boundary conditions were also used for the ABAQUS
model. The three asphalt layers are totally bound and the two
contact layers among the asphalt base course, road base
course, sub-base and sub-grade are defined as being partially
bound, which means the nodes at the interface between the
different layers always have the same displacements in the
vertical direction but may have different displacements in the
horizontal direction.4.2. Comparison of the results between ABAQUS and
SAFEM
The computed results from both models are compared in
Moire pattern, as shown in Fig. 6. The cross-section is the
inner surface with x ¼ 3000 mm. It can be seen that the dis-
tribution of the stresses and the deformation shapes from
both FE programs are consistent.
The computational stresses shown in Figs. 7e10 are
derived from four series of response points offset from the
Fig. 5 e Mesh automatically generated from two FE-programs.
Fig. 6 e Computational stress and deformation from ABAQUS and SAFEM.
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Fig. 7 e Comparison of vertical stress on the top of asphalt surface course derived from ABAQUS and SAFEM.
Fig. 8 e Comparison of horizontal stress on the bottom of asphalt base course derived from ABAQUS and SAFEM.
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6000 mm in SAFEM of Fig. 6).
In Table 3, the vertical and horizontal stresses at four
critical points directly below the loading center, where
maximum compressive or tensile stresses may occur, are
considered. From Figs. 7e10, and Table 3, it can be stated that
the results from both programs have a high correlation except
for a slightly larger difference in the vertical stresses on the
top of the sub-base. The computation time of the SAFEM is
much shorter than that of the ABAQUS. Both FE analyses were
run on a computer with an Intel Core Duo 3.4 GHz, 32 GB RAM.
On average, the computational time required by the ABAQUS
3D model is about 220 s, whereas the SAFEM model requires
11 s. With code optimization, the computational time of the
SAFEM may be further reduced.Fig. 9 e Comparison of horizontal stress on the bottom of5. Verification of finite-infinite element
coupling analysis in SAFEM
5.1. Definition of the models
The reliability and efficiency of the finite-infinite element
coupling analysis in the SAFEMwere studied by comparison of
the results with those from the SAFEM which have been
proved to be reliable in the section above. The asphalt pave-
ment structural responses from both analyses were evaluated
using the same pavement type with the material properties
shown in Table 2 (winter case).
The thicknesses of all layers excepting the sub-grade were
reference to Table 2. The thickness of the sub-grade wasroad base course derived from ABAQUS and SAFEM.
Fig. 10 e Comparison of vertical stress on the top of sub-grade derived from ABAQUS and SAFEM.
Table 3 e Comparison between ABAQUS and SAFEM regarding the determined stresses (MPa) at critical points.
Points Winter Summer
SAFEM ABAQUS Difference SAFEM ABAQUS Difference
1 0.704 0.704 0.000 (0%) 0.698 0.702 0.004 (0.57%)
2 0.938 0.959 0.021 (2.19%) 0.663 0.675 0.012 (1.78%)
3 0.262 0.269 0.007 (2.60%) 0.715 0.725 0.010 (1.38%)
4 0.010 0.009 0.001 (11.1%) 0.027 0.022 0.005 (22.7%)
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aimed to investigate the influence of the sub-grade thickness
on the results. The length of each layer along traffic direction
was set from 3500 to 30,000 mm for the similar reason. The
width of the pavement was still set to 6000 mm.
The mesh generator of SAFEM was used to create a 2D
mesh consisting of 6-node triangular finite elements for the
finite element analysis (Persson and Strang, 2004) as shown in
Fig. 11(a). When coupled with infinite elements, the 5-node
unidirectional or 3-node bidirectional mapping infinite ele-
ments were created outside the finite element domain, as
shown in Fig. 11(b). If the geometrical parameters are the
same, the numbers of the finite elements are also the same in
both analyses, but the finite-infinite element coupling anal-
ysis has several additional infinite elements.
The load and the condition of interlayer connection were
defined as the same with that used in the Section 4.1. The
bottom nodes of the mesh representing the sub-grade in the
finite element analysis were fixed in all directions, but in the
finite-infinite element coupling analysis this boundary con-
dition was not necessary.Fig. 11 e Mesh gener5.2. Comparison of the results between finite element
analysis and finite-infinite element coupling analysis
Four response points from the same critical points in Section
4.1 were selected to compare the results of both analyses.
If the pavement length is kept as 30,000 mm which is
considered to be large enough and hence does not influence
the computational results, a series of results are derived with
increasing the sub-grade thickness of the pavement, as shown
in Fig. 12.
When the results from both analyses come to convergence,
the absolute values of the results from the finite-infinite
element coupling analysis are a little larger than those from
the finite element analysis. All the relative errors of the four
response points (take the results of the finite element analysis
as reference) are below 1.3%, which proves the reliability of
the finite-infinite element coupling analysis in the SAFEM.
Furthermore, in the prediction of the pavement remaining
service life, the slightly larger stress values will make the
prediction result “safer”, which even has a certain positive
significance.ated by SAFEM.
Fig. 12 e Comparison of the results when the pavement length is kept constant.
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not vary significantly, which means the thickness of the
sub-grade almost does not influence the stress on the
pavement surface. However, with increasing depth of the
response points in the pavement, the stresses vary more
significantly, especially on the top of the sub-base, i.e. the
influence of the sub-grade thickness becomes more and
more significant on stress state of deeper location in the
pavement.
Comparing the results between the two analyses, the in-
fluence of the sub-grade thickness on the results from finite
element analysis is much more significant. If its own
convergence value is taken as reference, all the relative errors
of the four response points reach the level below 3.5% in the
finite element analysis when the thickness of sub-grade
comes to be 3000 mm, while the thickness in finite-infinite
element coupling analysis only needs to be 1500 mm.
Similarly, when the thickness of sub-grade is kept as
7500 mmwhich does not influence the computational results,
a series of results from both analyses are derived with
increasing the pavement length, as shown in Fig. 13.
Except for the stress on the top of the surface course, the
stresses at the other response points vary similarly signifi-
cantly, which means the influence of the pavement length
on the stress is great regardless of the depth of the response
points. The convergence rate of the finite-infinite element
coupling analysis is still obviously higher than that of the
finite element analysis, i.e. when the pavement length rea-
ches 3500 mm in the finite-infinite element coupling analysis
the relative errors become below 3%, while the length infinite element analysis needs to be 5000 mm to reach this
level.
In order to compare the computational accuracy and time
between the two analyses, two caseswere studied as shown in
Table 4. The two analyses were run on a computer with an
Intel Core Duo 3.4 GHz, 32 GB RAM. If the minimum values of
sub-grade thickness and pavement length (Case 1) is applied
in previous investigation in both analyses, the accuracy of the
finite-infinite element coupling analysis still keeps a relatively
high level, but that of the finite element analysis decreases
extremely. Although the finite-infinite element coupling
analysis has additional nodes of the infinite elements, it does
not need to determine constrain condition on the boundary,
as a result the computational time (9 s) is even less than that
of the finite element analysis (11 s). In order to keep the rela-
tively high accuracy level in both analyses, the geometrical
parameters were increased to different levels as shown in
Case 2. In this case the computational time of the finite-
infinite element coupling analysis (14 s) is only 70% of that
of the finite element analysis (20 s), which reveals the higher
computational efficiency of the finite-infinite element
analysis.6. Conclusions
This paper proposes to use the SAFEM for predicting the
asphalt pavement structural responses under static loads. A
computer programwas developed based onMATLAB in which
the SAFEM was applied. The accuracy of the program is
Fig. 13 e Comparison of the results when the thickness of sub-grade is constant.
Table 4 e Comparison of the relative errors and computational times from both analyses.
Item Case 1 Case 2
Finite Infinite Finite Infinite
Thickness of sub-grade (mm) 100 100 3000 1500
Pavement length (mm) 3500 3500 5000 3500
Relative error (%) Top of the asphalt surface course 0.04 0.03 0.01 0.00
Bottom of the asphalt base course 25.04 4.49 3.58 3.54
Bottom of the road base course 24.21 1.89 3.48 3.44
Top of the sub-base 107.08 12.28 5.31 1.75
Computational time(s) 11 9 20 14
j o u rn a l o f t r a ffi c a nd t r an s p o r t a t i o n e n g i n e e r i n g ( e n g l i s h e d i t i o n ) 2 0 1 5 ; 2 ( 1 ) : 4 8e5 8 57verified by a comparison with ABAQUS. Pavement responses
to a static load predicted by SAFEM and ABAQUS are in very
good agreement. Furthermore, the computational time of the
SAFEM is much shorter than that of the ABAQUS.
In order to further reduce the computational time, the
infinite elements are coupled with the finite elements in the
SAFEM. The investigation shows that the results of the finite-
infinite element coupling analysis are reliable and its
convergence rate is much higher than that of the finite
element analysis in the SAFEM. As a result, the scale of the
pavement model at the infinite domain can be controlled in a
suitable level and the computational time can be reduced
without decreasing its accuracy.
For further investigation, the SAFEM allows the application
of dynamic analysis and various material properties, such as
viscoelasticity for asphalt and nonlinear elasticity for sub-
base of the pavement. Furthermore, the regulation of the
minimumamount of the finite elements required to be used inthe finite-infinite element coupling analysis should be deter-
mined by the theoretical research and large numbers of case
studies.
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